We study the inhomogeneous cosmological evolution of the Newtonian gravitational 'constant' G in the framework of scalar-tensor theories. We investigate the differences that arise between the evolution of G in the background universes and in local inhomogeneities that have separated out from the global expansion. Exact inhomogeneous solutions are found which describe the effects of masses embedded in an expanding FRW Brans-Dicke universe. These are used to discuss possible spatial variations of G in different regions. We develop the technique of matching different scalar-tensor cosmologies of different spatial curvature at a boundary. This provides a model for the linear and non-linear evolution of spherical overdensities and inhomogeneities in G. This allows us to compare the evolution of G andĠ that occurs inside a collapsing overdense cluster with that in the background universe. We develop a simple virialisation criterion and apply the method to a realistic lambda-CDM cosmology containing spherical overdensities. Typically, far slower evolution ofĠ will be found in the bound virialised cluster than in the cosmological background. We consider the behaviour that occurs in Brans-Dicke theory and in some other representative scalar-tensor theories.
INTRODUCTION
Many of the most interesting extensions of the general theory of relativity are scalar-tensor theories of gravity. They incorporate scalar fields which can carry space-time variations in scalar quantities that are traditionally assumed to be constant in general relativity. In this respect they provide natural arenas in which to explore the consequences of varying 'constants' of Nature, like Newton's 'constant' G, or Sommerfeld's fine structure 'constant', α. In this paper we shall focus upon the first of these applications, pioneered by Jordan (Jordan 1949 (Jordan , 1955 (Jordan , 1959 and then refined into the most familiar generalisation of Einstein's theory of gravitation by Brans and Dicke in 1961, (Brans & Dicke 1961) . This theory features both in direct explorations of the possible variation of G, in dimensional reduction of higher-dimensional theories, and in string theories (Green, Schwartz & Witten 1987) , where is appears containing a dilaton with nonminimal coupling. The original theory of Brans-Dicke is recognised as the simplest case of a family of scalar-tensor gravity theories in which the original Brans-Dicke coupling parameter, ω, becomes a function of the scalar field that ⋆ E-mail: T.Clifton@damtp.cam.ac.uk † E-mail: D.F.Mota@damtp.cam.ac.uk ‡ E-mail: J.D.Barrow@damtp.cam.ac.uk carries variations in G, (Bergmann 1968) , (Wagoner 1970; Nordtvedt 1970) .
Extensive studies have been made of cosmological solutions of scalar-tensor gravity theories (Fuji & Maeda 2003) , although they are limited in two respects. First, they focus on the simplest case of isotropic expansion with zero spatial curvature, where simple exact solutions exist. Second, they are exclusively concerned with spatially homogeneous cosmologies. The latter restriction means that the value of G and its rate of change in time,Ġ, are required to be the same everywhere in the universe. This assumption has run through the entire literature on varying G and so it is generally assumed, for example, that local observational bounds on varying G derived from geophysics, solar system dynamics, stellar evolution, or white dwarf cooling can be applied directly to constrain cosmological variations in G on extragalactic scales or in the very early universe. There is no justification for this simplifying assumption, as pointed out by Barrow and O'Toole (Barrow & O'Toole 2001) . The local bounds on varying G are all derived from observations of gravitationally bound 'lumps' which are in gravitational equilibrium and do not take part in the expansion of the universe. Before they can be extrapolated to constrain possible variations of G in a background Friedmann universe (as is habitually done in the literature, without justification) we need to understand how G andĠ are expected to vary in space in a realistic inhomogeneous universe. Since, even on the scale of a typical galaxy, the amplitude of visible density inhomogeneities are of order 10 6 , we need to go beyond linear perturbation theory for such an analysis.
In this paper we begin to confront this deficiency by tracing the evolution of G, first in exact inhomogeneous solutions and then a simple, but not unrealistic, inhomogeneous universe in which a zero-curvature Brans-Dicke-Friedmann background universe is populated by spherical overdensities which are modelled by positive curvature Brans-DickeFriedmann universes in the dust-dominated era of the universe's history. This will enable us to track the different evolution followed by G(t) in the background universe and in the overdense regions, which eventually separate off from the background universe and start to contract to high-density like separate closed universes. This process can produce significant differences between G andĠ in the background and in the overdensities. Eventually, the collapse of the spherical overdensities will be stopped by pressure and a complicated sequence of dissipative and relaxation processes will lead to virialisation and some final state of gravitational equilibrium. This state will provide the gravitational environment out of which which stars and planetary systems like our own will form, directly reflecting the local value of G(t) inherited from their virialised protogalaxy or its parent protocluster. The simple model we use for inhomogeneities in density and in G has many obvious limitations, notably in its neglect of pressure, deviations from spherical symmetry, accretion, and interactions between inhomogeneities. Nonetheless, we expect that it will be indicative of the importance of taking spatial inhomogeneity into account in any attempts to use observational data to constrain cosmological models which permit varying G. It provides the first step in a clear path towards improved realism in the modelling of inhomogeneities that mirrors the route followed in standard cosmological studies of galaxy formation with constant G.
In section 2 we give the field equations and the field equations for scalar-tensor gravity theories. To fix ideas, we use some exact Brans-Dicke-Friedmann cosmological solutions in section 3 to model the time variation of G in some new exact inhomogeneous solutions of the field equations which describe a spherical inhomogeneity in an expanding universe. In section 4 we use exact solutions of flat and closed vacuum Brans-Dicke-Friedmann cosmologies to illustrate the use of the spherical collapse model for non-linear overdensities. We then apply the same techniques to dust-filled Brans-Dicke-Friedmann universes in Section 5. The numerical solution of the equations are presented and discussed in this section for Brans-Dicke and some other scalar-tensor theories. A summary of our principal results is given in 6.
SCALAR-TENSOR COSMOLOGIES
The action for a scalar-tensor theory of gravity is given by
Here φ is a scalar field, R is the Ricci scalar, and Lm is the Lagrangian for matter fields in the space-time and the free function ω(φ) specifies the scalar-tensor theory. In BransDicke theory, ω is constant. The action above is varied with respect to gµν to give the field equations
and with respect to φ to obtain the propagation equation
where prime denotes differentiation with respect to φ. In this paper we will often consider Friedmann-Robertson-Walker (FRW) universes with the metric
where a(t) is the scale factor and k is the curvature parameter. Using the FRW metric in eq. (2) gives
where H ≡ȧ/a is the Hubble rate, over-dot denotes differentiation with respect to comoving proper time, t, ρ is the matter density, and p is the pressure. Each non-interacting fluid source p(ρ) separately satisfies a conservation equation:
Substituting eqs. (5) and (6) into eq. (4) giveṡ
A general feature of the scalar-tensor field equations is that any solution of general relativity (hence ω and φ both constant) for which the energy-momentum tensor of matter has vanishing trace (eg vacuum, black-body radiation, Yang-Mills field, or magnetic field) is a particular (φ = constant) exact solution of the scalar-tensor gravity theory. A specification of ω(φ) is required to determine the theory and close the system of equations. In general, we do not know the form of ω(φ) but if the theory is to approach general relativity in an appropriate limit then we require both ω → ∞ and ω ′ (φ)ω −3 → 0 to hold simultaneously in the weak-field limit.
BRANS-DICKE COSMOLOGIES
Consider the simplest case of Brans-Dicke (BD) theory (Brans & Dicke 1961) to fix ideas about varying G. In these theories ω(φ) ≡ ω is a constant. The three essential field equations for the evolution of the BD scalar field φ(t) and the expansion scale factor a(t) in a BD universe are (5), (6), and (7). Now, ω is a constant parameter and the theory reduces to general relativity in the limit ω → ∞ where φ = G −1 → constant. The form of the general solutions to the Friedmann metric in BD theories are fully understood (Barrow 1992) , (Gurevich, Finkelstein & Ruban 1973; Holden & Wands 1998) . The vacuum solution is the t → 0 attractor for the perfect-fluid solutions. The general perfectfluid solutions with equation of state
and k = 0 can all be found. At early times they approach the vacuum solutions but at late time they approach particular power-law exact solutions (Nariai 1968 ):
These particular exact power-law solutions for a(t) and φ(t) are 'Machian' in the sense that the cosmological evolution is driven by the matter content rather than by the kinetic energy of the free φ field. The sign ofφ is determined by the sign of 4 − 3γ.
These solutions are spatially homogeneous and so cannot tell us about the effects of any spatial inhomogeneity in φ and ρ on observational tests of time-varying G = φ −1 . Next, we consider some simple exact inhomogeneous solutions of BD theory in order to gain some intuition about the likely effects of spatial inhomogeneity in G . We will find that these exact simple homogeneous solutions play an important role in determining the time dependence of G in inhomogeneous solutions.
An Inhomogeneous vacuum Brans-Dicke Solution
It is well known that BD theory is related to general relativity through a conformal transformation of the form (Fuji & Maeda 2003) 
where φ is the BD scalar field. Symbols with bars refer to quantities in the Einstein (general relativistic) conformal frame and symbols without bars refer to quantities in the Jordan (BD) conformal frame. This conformal equivalence allows us to exploit known solutions of Einstein's field equations with a scalar field to find solutions to the BD field equations in a vacuum.
We proceed by first showing explicitly the conformal equivalence of general relativity with a scalar field and BD in a vacuum under the transformation (12). From (12) we immediately obtain (Fuji & Maeda 2003) 
where here R is the Ricci scalar, Γ = ln φ −1/2 and Γ =
To derive the Einstein field equations with a minimally coupled scalar field, we can extremise the Lagrangian density
to get Einstein's field equations, Gµν = −8πTµν , where
] so that under the conformal transformation prescribed by (12) we find that (14) becomes
We see that Γ disappears on integration by parts and so we can discard it. We also note that g µν Γ,µ Γ,ν = 1 4 g µν φ −2 φ,µ φ,ν, so that (15) simplifies to
This is the Lagrangian density that gives the BD action (1), with Lmatter = 0. Starting with a solution of Einstein's field equations with a scalar field we can apply this conformal transformation to arrive at a solution of the BD field equations in a vacuum. A spherically symmetric exact solution for the collapse of a minimally-coupled scalar field, ψ, in general relativity is known and is given by (Husain, Martinez & Nunez 1994) 
where
. The evolution of the minimally coupled scalar field, ψ, in the Einstein frame, is given by ], we obtain
where A(r) = 1 − 2c r , B(t) = qt + b and β = ± √ 2ω + 3. We now assume that q = 0 (i.e. the metric is not static) and define the new time coordinatet = (qt + b)
2β . In the limit that c → 0 the r-dependence of the metric is removed and the space becomes homogeneous. In this case we expect (20) to reduce to the FRW Brans-Dicke metric given in the last section. We see from the form of (20) that the metric should reduce to that of a flat FRW Brans-Dicke universe. Insisting on this limit requires us to
and d = 1. This leaves the metric:
Rewriting (20) with these coordinates and constants gives
A comparison of (21) with (32) shows that (21) does indeed reduce to a flat vacuum FRW metric in the limit c → 0 (an inhomogeneous universe requires c = 0). The metric (21) is asymptotically flat and has singularities at t = 0 and r = 2c; the coordinates r andt therefore cover the ranges 0 t < ∞ and 2 r c < ∞. The equations (47) and (22) can now be used to construct a plot of G(r, t); this is done in Figure 1 which was constructed by choosing − 1 2β
in (22). From the form of G(r, t) we see that this choice corresponds to an overdensity in the mass distribution (identified by comparison with the inhomogeneous Brans-Dicke solution with matter, found below). In this figure, ω was set equal to 100, and c set equal to 1. This plot shows how G can vary in space and time in an inhomogeneous universe which consists of a static Schwarzschild-like mass sitting at r = 0 in an expanding universe. As r → 0 the solution approaches the behaviour of the static spherical vacuum BD solution but as r → ∞ it approaches the behaviour of a BD Friedmann universe.
An Inhomogeneous Brans-Dicke Solution With Matter
We now seek a solution of the Brans-Dicke field equations (2) with the form
where e ν = e ν(r) , e µ = e µ(r) and a = a(t). In Appendix A we show that a solution of the field equations (2) for a metric of the form (23) is given by 
and φ(r, t) = φ0 t t0
for the matter distribution
. This separable solution displays the same time dependence as the power-law FRW Brans-Dicke universes, (10)- (11), but with an additional inhomogeneous rdependence created by the matter source at r = 0. Such a distribution of matter in space is illustrated by figure 2. Here we have chosen, for illustrative purposes, γ = 1, ω = 100 and a background value set by the choice ρ = ρF RW (ρF RW being the matter density that would be expected in the corresponding homogeneous universe). The temporal evolution of ρ is exactly the same as the FRW case.
We see from Figure 2 that the matter density is isotropic and asymptotically constant as r → ∞ with a sharp powerlaw peak near the origin. Now (27) gives us
Equation (29) is used, with the values ω = 100, γ = 1 and c = 0.5 to create Figure 3 , which shows the space-time evolution of G(r, t).
These results show how G(r, t) can vary in space and time in an asymptotically-flat universe with a peak of matter at the origin. Observers located near the mass concentration will determine different values of G locally although they will find the same values ofĠ/G everywhere because of the separable nature of the G(r, t) evolution in eq. (28). This was also the case for solution (22) given in subsection 3.2.
In the next section we shall consider a more realistic model in which both G andĠ/G are different from place to place. Plots like Figure 3 can be generated for universes dominated by other types of cosmological fluid and with different rates of density fall off with r.
MATCHING TWO VACUUM FRW BRANS-DICKE UNIVERSES
We will now consider a simple model of a spherically symmetric cosmological inhomogeneity produced by matching together flat and positively curved vacuum FRW-BD universes. This is a well studied technique, first introduced by Lemaître, for studying the non-linear evolution of overdensities in general relativistic FRW universes. The overdense region is modelled as a closed universe that at first expands more slowly than the background, before reaching an expansion maximum and collapsing back to high density, whilst the background continues to expand. In this section we consider vacuum universes only, so there exists spherically symmetric inhomogeneity in the expansion rate and in φ ∼ G −1 , but ρ = p = 0.
For flat vacuum FRW universes eq. (6) gives
is the BD scalar field and a is the scale factor in the flat background. For a positively curved (k = +1) region the scale factor is taken to be S(τ ), which satisfies the Friedmann equation for the closed vacuum BD universe:
, φp = φp(τ ) and τ and k are the proper time and curvature of this perturbed region.
In matching these two regions at t = t0 = τ0 we must satisfy the boundary conditions
The Background Universe
Assuming solutions of the form φ b ∝ t x and a ∝ t y and setting a(0) = 0 gives, on substitution into (30) and (5), the
and
A Collapsing Universe
For the closed region we now follow the method given in refs. (Barrow 1992; Barrow & Parsons 1997) to find expressions for S(τ ) and φp(τ ). We start by introducing conformal time, η, defined by Sdη = dτ ; then eq. (5) becomes
This integrates directly to yield
where A is a constant. We now introduce the variable y = φpS 2 to write (6) as y,
Now, eqs. (33) and (34) give
The solutions of eqs. (35), when k > 0, are given by
where B and C are arbitrary constants. We now fix the conformal time origin by setting B = 0, so that y = φpS
From η to t
The function τ (η) is now obtained by integrating Sdη = dτ and τ (η) can then be used to obtain S(τ ). We now require a relation between t and τ , for this we proceed as in ref. (Barrow & Kunze 1997) and use the equation of relativistic hydrostatic equilibrium (Harrison 1970 (Harrison , 1973 , (Landau & Lifshitz 1975 )
where Φ is the Newtonian gravitational potential and r is radial distance. Eqn. (39) is derived under the assumptions that the configuration is static and the gravitational field is weak, so Φ completely determines the metric; then (39) is given by the conservation of energy-momentum for a perfect fluid. We now use dτ = e Φ dt, and for a scalar field we have an effective state with p = ρ and ρ = ω φφ 2 . Combining these results gives
Nowφ b ∝ a −3 and φ ′ p ∝ S −3 , and so with (37) and (32) this gives
Eq. (41) and the relation Sdη = dτ allow us to obtain 
S(t) from (38)
. This is done numerically. Now fixing the constants of proportionality together with k in eqs. (38), (37) and (32), in order to satisfy the boundary conditions, we find equations for the evolution of the scale factors and scalar fields in the flat background and perturbed region. These are matched at a boundary, at time t0 = τ0 = η0. Figure 4 shows the evolution of a(t) and S(t) when the region described by S(t) becomes positively curved at initial time t0 = 1. In Figure 4 we choose ω = 100, for illustrative purposes, and a0 = S0 = 1 so that the boundary condition for the matching of the first derivatives of the scale factors is given by
Results
We can now express G = G(t) in the regions of different curvature using equations (47), (37) and (32), along with the appropriate coordinate transformations. This gives Figure 5 , below. It is clearly seen that the evolution of G(t) is quite different in the two regions, as expected. The collapsing overdensity evolves faster than the background and possesses a smaller value of G but a larger value of |Ġ/G| at all times after the evolution commences.
A MORE REFINED SPHERICAL COLLAPSE MODEL
We now generalise the spherical collapse model described in the last section to the more astronomically realistic case of a flat universe containing matter and a cosmological constant (see. e.g. refs. (Padmanabhan 1995) , (Peacock 1999) or (Lahav et al. 1991) ). As before, we match a flat Brans-Dicke FRW background to a spherically symmetric overdensity at an appropriate boundary and allow the two regions to evolve separately.
The background universe
Again, we consider a flat (k = 0), homogeneous and isotropic background universe. Since we are interested in the matterdominated epoch, when structure formation starts, we can assume that our universe contains only matter and a vacuum energy contribution so that ρ = ρm + ρΛ and p = pΛ = −ρΛ give the total density and pressure, respectively. So, for the flat background, eq. (6) gives for a general ω(φ) theory,
and eq. (5) gives
Here, ρm ∝ a(t) −3 and ρΛ = constant. These equations govern the evolution of φ(t) and a(t) in the flat expanding cosmological background. The contribution of the vacuum energy stress (p = −ρ) to the Friedmann equation (42) in BD cosmology differs from that in general relativity because of the presence of the variable φ field: it is not the same as the addition of a cosmological constant term to the RHS of (42). However, with this proviso, we shall continue to refer to Λcdm models in Brans-Dicke theories in the following sections.
The overdensity
Again, we consider a spherical overdense region of radius S and model the interior space-time as a closed FRW BransDicke theory universe, ignoring any anisotropic effects of gravitational instability or collapse. As usual, we assume there is no shell-crossing; this implies mass conservation inside the overdensity and independence of the radial coordinate (Padmanabhan 1995) . The evolution equations can now be written in a form that ignores the spatial dependence of the fields. Put ρ = ρ cdm + ρΛ and p = pΛ = −ρΛ, where 'cdm' corresponds to cold dark matter, so that (8) gives
while (5) reduces tö
where S = S(t) is the scale factor and φc = φc(t) is the BD scalar field in the collapsing region of positive curvature where ρ cdm ∝ S(t) −3 and ρΛ = constant. These equations give the evolution of φc(t) and S(t).
We have assumed that the equation of motion of the field inside the cluster overdensity is described by the local space-time geometry. This means that the field follows the dark-matter collapse from the beginning of the cluster's formation. We do not consider this to be fully realistic since there is expected to be an outflow of energy associated with φ from the overdensity to the background universe, as first noticed by Mota and van de Bruck (Mota & van de Bruck (2004) ). The details of this outflow of energy and its effect on the collapse can only be determined by a fully relativistic hydrodynamical calculation, which is beyond the scope of this study. Nevertheless, at late times during the collapse of the dark matter (and especially when the density contrast in the dark matter is very large) the field should no longer feel the effects of the expanding background and will decouple from it. We are also neglecting the effects of deviations from spherical symmetry, which grow during the collapse in the absence of pressure, along with rotation, gravitational tidal interactions between different overdensities, and all forms of non-linear hydrodynamical complexity.
Evolution of the overdensity
Consider the spherical perturbation in the cdm fluid with a spatially constant internal density. Initially, this perturbation is assumed to have a density amplitude δi > 0 where |δi| ≪ 1. The initial cdm density inside the overdensity is therefore ρ cdm = ρm(1 + δi).
Four characteristic phases of the overdensity's evolution can be identified:
• Expansion: we employ the initial boundary condition φc = φ and assume that at early times the overdensity expands along with the background.
• Turnaround : for a sufficiently large δi, gravity prevents the overdensity from expanding forever; the spherical overdensity breaks away from the general expansion and reaches a maximum radius. Turnaround is defined as the time when S = Smax,Ṡ = 0 andS < 0.
• Collapse: the overdensity subsequently collapses (Ṡ < 0). If pressure and dissipative physics are ignored the overdensity would collapse to a singularity where the density of matter would tend to infinity. In reality this singularity does not occur; instead, the kinetic energy of collapse is transformed into random motions.
• Virialisation: dynamical equilibrium is reached and the system becomes stationary with a fixed radius and constant energy density.
We require our spherical overdensity to evolve from the linear perturbation regime at high redshift until it becomes non-linear, collapses, and virialises. Thereafter, the overdensity will become gravitationally stable and further local evolution of the scale factor and of the scalar field will cease. However, the background scale factor will continue to expand, and so the background density and background value of G will continue to decrease. As a result, a significant disparity between the evolution of G inside and outside the cluster can result.
Virialisation
In scalar-tensor theories we expect that the gravitational potential will not be of the standard local r −1 form. This requires reconsideration of the virial condition. According to the virial theorem, equilibrium will be reached when (Goldstein 1980 )
where T is the average total kinetic energy, U is the average total potential energy and S here denotes the radius of the spherical overdensity. The potential energy for a given component x can be calculated from its general form in a spherical region (Landau & Lifshitz 1975) 
where ρtot is the total energy density and Φx is the gravitational potential due to the density component ρx. The gravitational potential Φx can be obtained from the weak-field limit of the field equations (2). This results in a Poisson equation where the terms associated to the scalar field can be absorbed into the definition of the Newtonian constant as (Will 1993 )
This results in the usual form for the Newtonian potential
where Gc is given by equation (47) and γx−1 is px/ρx for the fluid component with density ρx and pressure px (appearing due to the relativistic correction to Poisson's equation: ∆Φ = 4πG (ρ + 3p)). In Λcdm models of structure formation it is entirely plausible to set γx = 1 as the energy density of the cosmological constant is negligible on the virialised scales we are considering (Wang & Steinhardt 1998; Mota & van de Bruck 2004) . The potential energies associated with a given component (x) inside the overdensity are now given by
Therefore, the virial theorem will be satisfied when 
and we have used Utot = U cdm + UΛ + U φc , ρtot = ρ cdm + ρΛ + ρ φc , ρ φc = ωcφ 2 /φ and
The other components of eq. (49) are obtained from eqs. (44) and (45).
Using eq. (46), together with energy conservation at turnaround and virialisation, we obtain an equilibrium condition in terms of potential energies only
where zv is the redshift at virialisation and zta is the redshift of the over-density at its turnaround radius. The behaviour of G during the evolution of an overdensity can now be obtained by numerically evolving the background eq. (42)- (43) and the overdensity eqs. (44) and (45) until the virial condition (50) holds. We point out here an inconsistency when one makes use of equation (50) together with the assumption that energy is not conserved. This inconsistency is removed by assuming a negligible outflow of φ from the overdensity, in which case we regain energy conservation within the system and so retain self-consistency.
Overdensities vs Background

Brans-Dicke theory
The Brans-Dicke coupling parameter ω is constant and constrained by a variety of local gravitational tests (see (Uzan 2003) for a review). The strongest constraint to date is derived from observations of the Shapiro time delay of signals from the Cassini space craft as it passes behind the Sun. These considerations led Bertotti, Iess and Tortora (Bertotti, Iess & Tortora 2003) , after a complicated data analysis process, to claim that ω must have a value greater than 40000 (to 2σ). This limit on ω must be satisfied at all times in all parts of the universe, and leads to the conclusion that Brans-Dicke theory must be phenomenologically very similar to general relativity throughout most of the history of the universe. However, we do still expect a cosmological evolution of the Brans-Dicke field φ which determines the value of Newton's G; and we expect this evolution to be different in regions that collapse to form the structure probed by Cassini compared to that in the idealised expanding cosmological background, as described above. Hence we expect the measurable value of G to be different in these two distinct regions with different histories. It is quite possible that the region of gravitational equilibrium probed by Cassini and other local observations would find no perceptible change in G locally despite the presence of change on cosmological scales outside of bound inhomogeneities.
In this section we quantify this difference in G by numerically evolving a, S, φ and φc until virialisation occurs. At virialisation, the evolution of S and φc is expected to end, giving a value of G that is locally constant in time even though the cosmological evolution of a and φ continues.
The plots in figure 6 were constructed using the representative values ω = 40000 and ω = 500 and the boundary condition φc0 ≃ G −1 0 , so that the value of G measured inside the overdensity at present is equal to the value of Newton's G, as measured locally. The evolution of the background was determined by matching φc to φ at the time when the overdensity decouples from the background, ti. We see a clear difference in the evolution of G in the two regions, as expected. This example shows that we expect different values of G andĠ/G inside and outside virialised overdensities. The present value of G andĠ/G depends on the history of the region where it was sampled, as well as on the BransDicke coupling parameter, ω.
It can be seen from the plots in figure 6 that increasing ω has the effect of decreasing the difference in G between the background universe and the overdensity. The size of this inhomogeneity is found to be of order 1/ω and, correspondingly, reduces to zero as ω → ∞. This is an important consistency check for the methods used as we expect BransDicke theory to reduce to general relativity, with a constant G, in this limit.
Scalar-tensor theory with
Next, we consider a scalar-tensor theory with a variable ω(φ). We investigate the class of theories defined by the choice of coupling function
where A, φ∞, and p are positive definite constants. We refer to this as Theory 1. Such a choice of coupling was considered by Barrow and Parsons and was solved exactly for the case of a flat FRW universe containing a perfect fluid (Barrow & Parsons 1997) . Setting the constants as 2A = (φ∞/β) 2 and p = 2 gives us the scalar-tensor theory considered by Damour and Pichon (Damour & Pichon 1999) and by Santiago, Kalligas and Wagoner (Santiago, Kalligas & Wagoner 1997 ). This choice of ω(φ) corresponds to setting ln A(φ) = ln A(φ0) + 1 2
2 , where A 2 (φ) is the conformal factor 1/φ from eq. (12). Damour and Nordvedt (Damour & Nordvedt 1993) consider this function as a potential and therefore justify its choice in relation to the generic parabolic form near a potential minimum. Expecting the function to be close to zero (i.e. GR), Santiago, Kalligas and Wagoner justify its expression as a perturbative expansion. This choice of ω(φ) with p > 1/2 corresponds to a general two-parameter class of scalar-tensor theories that are close to GR and will be drawn ever closer to it with ω → ∞ and ω ′ /ω 3 → 0 as the universe expands and φ → φ∞. We therefore consider it as a representative example of a wide family of plausible varying-G theories that generalise Brans-Dicke.
The evolution of this form of ω(φ) is shown graphically in figure 7 for different values of A and p. Clearly the evolution of ω(φ) is sensitive to both A and p and so the choice of these parameters is important for the form of the underlying theory. For illustrative purposes we choose here the values p = 1.5, 2 and 5 and A = 1, 2 and 5.
In a similar way to the BD case we now create an evolution of φc that virialises at z = 0 to give the value Gc0 = 6.673 × 10 −11 , as observed experimentally. The corresponding evolution for φ b is calculated as before by match- . In these gravity theories there is fast approach to general relativity at late times when φ → φ∞, but significantly different behaviour at early times.
ing it to the value of φc at the time the overdensity decouples from the background and begins to collapse. In creating these plots we have used the conservative parameter values p = 2, ωc0 = 1.2×10 5 and A = 6×10 −7 which are consistent with observation and allow structure formation to occur in a similar way to general relativity. The results of this are plotted in figure 8 . Again, we note the different evolution of G(t) in the two regions, and the difference in the asymptotic values of G. We note that experimental measurements of G on Earth have a significant uncertainty with the 1998 CODATA value carrying an uncertainty 12 times greater than the standard value adopted in 1987. The 1998 value is given as (Mohr & Taylor 2000; Scherrer 1999 )
while the 2002 CODATA pre-publication announcement reverts to the earlier higher accuracy consensus with (National Institute of Standards and Technology 2002)
We could re-run the above analysis with different values of A and p, but expect that the results would look qualitatively similar. From Figure 7 we see that increasing (decreasing) the values of A and p will increase (decrease) the value of ω(φ) for a given φ, thereby making the theory more (less) like GR. We therefore expect an analysis with a higher (lower) value of A and/or p to look very similar to the analysis presented above with a less (more) rapid evolution of G(t). For the sake of brevity we omit such an analysis here.
Space and Time variations of G
We now calculate how time and space variations of G evolve with redshift and depend on the cdm density contrast, ∆c. In order to do this, we make the definitions
where Gc and G b correspond to G as measured in the overdensity and in the background universe respectively. The results of our numerical calculations, for a cluster which virialises at zv = 0, are presented in Figures 9, 10 and 11, respectively. These plots display the evolution oḟ G/G, ∆G/G, and δG/G with redshift for Brans-Dicke, the theory of subsection 5.5.2, and some other choices of ω(φ) that are specified in the captions. The parameters used in generating these plots are B = 0.4, C = 10 −16 , D = 80, A = 6 × 10 −7 , p = 2 and ω = 4 × 10 6 . These values were chosen so as to agree with observation and so that structure formation is not significantly different from that which occurs in general relativity.
It is clear from the plots that different scalar-tensor theories lead to different variations of G. The predictions of these models can be quite diverse. While some models produce higher values of G inside the overdensity, others produce a lower one. A feature common to all models is that the value of G andĠ/G inside an overdensity is different from G andĠ/G in the background universe. The reason for these differences is that in the non-linear regime, when the overdensity decouples from the background expansion at turnaround, the field φ that drives variations in the Newtonian gravitational "constant" stops feeling the background expansion. After turnaround, the field inside the overdensity, φc, deviates from the field, φ, in the background universe, leading to spatial variations in G. In reality, such spatial inhomogeneities in the value of G are small: δG/G ≈ 10 −6 , Figure 11 . The time variations of G are even smaller than the spatial inhomogeneities but with a marked difference between the inside and outside rates of change. We find that different scalar-tensor theories produce a different dependence.
From the numerical simulations, we see that a variation of the Newtonian gravitational constant, of the order presented here, does not affect the predictions of the structure formation models. For instance, the virialisation radius and the density contrast ∆c of the virialised clusters are very similar to the Λcdm and standard cdm models with constant G . Nevertheless, one should point out that different scalar-tensor theories lead to slightly different results. Besides that, there is also a dependence on the initial conditions, as with many other cosmological scalar fields (see e.g. ( Different initial conditions will lead to slightly different allowed values of ω and to different cosmological behaviours of G and Gc.
CONCLUSIONS
We have studied the inhomogeneous cosmological evolution of the Newtonian gravitational 'constant' G within the framework of relativistic scalar-tensor theories of gravity, of which Brans-Dicke theory is the simplest and best known case. We began by first exploiting the conformal equivalence between these theories and general relativity to transform an existing solution of Einstein's field equations to a new exact spherically symmetric inhomogeneous vacuum cosmological solution of the Brans-Dicke field equations. We then present a second spherically symmetric perfect-fluid solution to the Brans-Dicke field equations which corresponds to an overdense inhomogeneity in an asymptotically homogenous and isotropic expanding cosmological background. These exact solutions have simple enough form to allow the G(r, t) evolution to be investigated directly and can be used to model the presence of a Schwarzschild-like mass in an expanding Brans-Dicke universe that approaches an idealised FRW universe asymptotically as r → ∞. It is noted that far from the mass G varies very slowly with r and that as r → ∞ the variation of G with r is removed altogether and only the cosmological evolution of G with time is relevant. Close to the mass, the r variation of G becomes more significant and we see that G → 0 at small r. We also note that in the limit ω → ∞ all space and time variation in G is removed from these solutions and general relativity is recovered.
Next, we increased the complexity of the model by matching together two vacuum FRW-Brans-Dicke universes of zero and positive curvature on a spacelike time slice. This results in a simple model for a spherically symmetric perturbation in the density and curvature that is followed into the non-linear regime. The different evolutions of G in the two regions were determined and a comparison was made of the different evolutions of G on spacelike slices of differing time. We see from this toy model that the value of G does indeed have a different value in regions that have decoupled from the expanding cosmological background and collapsed, compared to its value in the background itself. We were then able to repeat this construction for a more realistic matching of two FRW Λcdm universes of different curvature in an arbitrary scalar-tensor gravity theory. We followed the development of spherical overdensities through their expansion, separation from the background, turnaround, and subsequent collapse. Applying a simple approximation to virialise the collapsing overdensities, we were then able to study the differences in G( x, t) between the non-expanding overdensity and the expanding background universe. We highlight as a special case the simple Brans-Dicke theory but also present results for other scalar-tensor gravity theories, specified by their defining coupling function ω(φ). Although each theory predicts a different detailed cosmological evolution of G, a feature common to all of them is the sharp difference between the value and time evolution of G inside bound overdensities and in the background universe. These differences will produce spatial inhomogeneities in G with a value which depends on the scalar-tensor theory used. While some models produce higher values of G inside the overdensity, others produce a lower one. In spite of these differences, such spatial inhomogeneities are small δG/G ≈ 10 −6 . The differences in the time variations of G were found, with typicallẏ Gc/Gc 10 −20 s −1 inside the clusters andĠ/G 10 −19 s −1
in the background universe in the range of theories studied. Such variations in G do not significantly alter the virialisation radius and the density contrast ∆c of the virialised clusters from those in standard Λcdm and cdm models with constant G. Nevertheless, different scalar-tensor theories lead to slightly different results. There is also a dependence on the initial conditions. Different initial conditions will lead to a different value of ω and to different cosmological behaviours of G and Gc. Taken as a whole these analyses show that local observational limits on varying G made within our solar system or Galaxy must be used with caution when placing constraints upon the allowed cosmological variation of G on extragalactic scales or in the early universe. The universe is not spatially homogeneous and, in cosmological models where it can vary, nor is G. 
